Abstract. We introduce a new method to study rational conjugacy of torsion units in integral group rings. We use this method to prove the first Zassenhaus Conjecture for PSL (2, 19). We then use the standard HeLPmethod to prove the Zassenhaus Conjecture for PSL(2, 23) and the introduced method to show that there are no units of order 6 in the normalized units of the integral group rings of the groups M 10 and PGL(2, 9). This last fact completes the proof of a theorem of W. Kimmerle and A. Konovalov that the prime graph of a group G coincides with the prime graph of the corresponding group of normalized units of the integral group ring, if the order of G is divisible by at most three primes.
. We will use this in the following without further mentioning.
Let K be a field and D a K-representation of G with corresponding character χ. If χ and all partial augmentations of u and all its powers are known and the characteristic of K does not divide the order of u we can compute the eigenvalues of D(u) in the algebraic closure of K (there will be plenty of examples in §2). Let n be the order of u. The HeLP-method makes use of the fact, that the multiplicity of each n-th root of unity as an eigenvalue of D(u) is a non-negative integer.
Notations: We will use the following notation: p will always denote a prime, Q p the p-adic completion of Q and Z p the ring of integers of Q p . By R we denote a complete local ring with maximal ideal P containing p. The field of fractions of R will be denoted by K and the residue class field of R by k. The reduction modulo P , also with respect to modules, will be denoted by¯.
The idea of our method is, that if D is an R-representation of a group G and u is a torsion unit in ZG of order divisible by p, we can reduce D modulo P and obtain restrictions on the isomorphism type of kG-modules as k ū -modules. The connections between the eigenvalues of ordinary representations and the isomorphism type of the modular modules for some cases are contained in the following propositions which are easy consequences of known modular and integral representation theory. 
Applications
For a group G we denote by χ i an ordinary character of G and by D i a representation of G affording this character. By ϕ i we denote a Brauer character and by Θ i a representation affording ϕ i . We write
.., α j ) to indicate that α 1 , ..., α j are the eigenvalues (with multiplicities) of the corresponding matrix. By ζ n we will denote some fixed complex primitive n-th root of unity. Let K be an algebraically closed field, D a K-representation of G with character χ and u a torsion unit in V(ZG) such that the characteristic of K does not divide the order of u. Let m and n be natural numbers such that
, where the sum runs over all conjugacy classes x G of G. Comparing this two computations is the basic idea of the Luthar-Passi method. We will use it freely in the following computations.
The groups PSL(2, p): Proof of Theorem 1
Rational conjugacy of torsion units in integral group rings over the groups PSL(2, q) were studied by Hertweck in [Her07] . For the rest of the paragraph let p be a prime.
Combining some propositions from that note we directly obtain: Proposition 2.1 (Hertweck). Let G = PSL(2, p) and u a torsion unit in V(ZG). Then there is an element g ∈ G of the same order as u. Moreover if u is of prime order or of order 6 then u is rationally conjugate to a group element.
Proof. [Her07, Proposition 6.1, Proposition 6.3, Proposition 6.4, Proposition 6.6, and Proposition 6.7].
The HeLP-method verifies the Zassenhaus-Conjecture for PSL(2, p) if p ≤ 17. We give a quick account: ZC is solved for p ∈ {2, 3} already in [SW86] 
, and p = 17 independently in [KK12] and [Gil12] . The HeLP-method also suffices to prove ZC for p = 23 (see below), but not for p = 19. We will always use the character tables respectively Brauer tables from the ATLAS [Wil] 
, there are cyclic subgroups of order
, p, and and Display(CharacterTable("PSL(2,p)") mod p);. 1a 2a 3a 5a 5b 9a 9b 9c 10a 10b
with α = ζ 5 + ζ By Proposition 2.1 only normalized units of order 9 and 10 have to be checked. Let u be of order 9. By [Her07, Prop. 6.5] we have ε 3a (u) = 0, thus ε 9a (u)+ε 9b (u)+ε 9c (u) = 1. By the Brauer table given above we have Θ 3 (u 3 ) ∼ diag(1, ζ 3 9 , ζ 6 9 ) and as ϕ 3 has only real values we get Θ 3 (u) ∼ diag(1, γ, δ) with (γ, δ) ∈ {(ζ 9 , ζ 
Substituting x, y, and z and using ζ 
Combining each possibility with ε 9a (u) + ε 9b (u) + ε 9c (u) = 1 this gives (ε 9a (u), ε 9b (u), ε 9c (u)) ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. So u is rationally conjugate to a group element. Now let u be of order 10 and set ζ = ζ 5 . If u is not rationally conjugate to a group element, so is u 3 and if u 2 is rationally conjugate to an element in 5a, then u 6 is rationally conjugate to an element in 5b. So we may assume that u 2 is conjugate to an element in 5a. We have
By the Brauer table above we obtain Θ 3 (u 5 ) ∼ diag(1, −1, −1) and Θ 3 (u 6 ) ∼ diag(1, ζ 2 , ζ 3 ). As ϕ 3 has only real values, we get
as a basis of Z[ζ] we obtain
The same way we get
Combining these equations with the equations obtained above we get
can not be eliminated using analogues computations with other characters. We will apply the observations of §1 here. Note thatL 19 containsL 18 as submodule (multiplying a module by the augemntation ideal I(kG) annihilates precisely the trivial kG-submodules).L 19 /L 18 is a trivial kGmodule, so also a trivial k ū -module. By Proposition 1.3, slightly abusing the notation, as an R u -lattice and as Z 5 u -lattice we may write L 18 ∼ = L Let u ∈ V(ZG) be a unit of order 4. By [Her07, Prop. 6.5] ε 2a (u) = 0 and so u is conjugate to a group element.
Let u ∈ V(ZG) be of order 12 and ζ = ζ 12 . We will use ζ, ζ
. This is a basis since ϕ(12) = 4, where ϕ denotes Euler's totient function, and and ζ 10 = −ζ 4 . We have
By the Brauer table above Θ 3 (u 6 ) ∼ diag(1, −1, −1), Θ 3 (u 9 ) ∼ diag(1, ζ 3 , ζ 9 ) and
Thus, as ϕ 3 has only real values,
)}. Hence, by the Brauer table given above, we obtain −ε 2a (u) + ε 4a (u) + 2ε 6a (u)
as a basis of Z[ζ] this gives
contradicting (2), only the last two remain and give
The same way we get Θ 11 (u 6 ) ∼ diag(1, 1, 1, 1, 1, −1, −1, −1, −1, −1, −1),
, ζ 10 , ζ 11 ) (note that ϕ 11 (u) must not only be real valued, but even rational as ϕ 11 has only rational values). Thus −ε 2a (u)−ε 3a (u)+
Now subtracting (1) from (6) gives ε 2a (u) + ε 3a (u) + ε 6a (u) = 0 while subtracting (4) from (5) gives ε 2a (u) − ε 3a (u) + ε 6a (u) = 0. Thus ε 3a (u) = 0. Then subtracting (1) from (3) gives −2ε 2a (u) + ε 6a (u) = 0, so ε 2a (u) = ε 6a (u) = 0. Now multiplying (1) by 2 and subtracting it from (4) gives ε 4a (u) = 0. Using (1) and (2) this leaves only the trivial pos-
Thus u is rationally conjugate to a group element and Theorem 1 is proved.
Proof of Theorem 2
By [KK12] if a unit u of order 6 exists in V(ZM 10 ) or in V(Z PGL(2, 9)), then all partial augmentations of u vanish except at the elements of order 2 and 3 in A 6 (note that A 6 is a normal subgroup of index 2 in M 10 and in PGL(2, 9)) and then (ε 2a (u), ε 3a (u)) = (−2, 3).
As both groups M 10 and PGL(2, 9) are subgroups of Aut(A 6 ) and the conjugacy classes 2a and 3a are the same in all these groups, we will handle both cases at once showing, that there is no unit of order 6 in V(ZAut(A 6 )) having partial augmentations
The relevant parts of the character tables are given in table 5, the corresponding decomposition matrix in table 6. Set G = Aut(A 6 ) and let u be a unit of order 6 in V(ZG) such that (ε 2a (u), ε 3a (u)) = (−2, 3) and ε g (u) = 0 for all other conjugacy classes (2a is the Aut(A 6 )-conjugacy class of involutions of length 45 and 3a is the unique Aut(A 6 )-conjugacy class of elements of order 3). Denote by ζ a complex primitive 3rd root of unity. 
These can be computed in the way demostrated above. We give one example: As u 4 is rationally conjugate to an element in 3a and u 3 is rationally conjugate to an element in 2a, we have χ 10 (u 4 ) = χ 10 (3a) = 1 and χ 10 (u 3 ) = χ 10 (2a) = 2. This gives 
As all the character values of all ordinary characters of G are integers on all conjugacy classes of G, we may assume by a theorem of Fong [Isa76, Cor. 10 .13] that all ordinary representations mentioned above are K-representations, where K is an unramified extension of Q 3 . So if R is the ring of integers of K we may assume that they are even R-representations. Let P be the maximal ideal of R, set k = R/P and let¯denote the reduction modulo P. Denote by L * an RG-lattice affording the representation D * .
Denote by k, I(kC 3 ), and kC 3 the indecomposable kC 6 modules of k-dimension 1, 2, and 3 resp. having trivial composition factors and by (k) − , I(kC 3 ) − , and (kC 3 ) − the indecomposable kC 6 -modules of k-dimension 1, 2, and 3 resp. having non-trivial composition factors (see Propositions 1.2 and 1.4). We will write M * for a simple kG-module having character ϕ * . Regarded as k ū -modules using Propositions 1.2 and 1.3 we will writeL * ∼ =L −1 * can be deduced from the eigenvalues given above using Proposition 1.3. We give the dimensions in table 7.
Where * takes all possible values in {a, b, c, d}. for certain k ū -modules
The Krull-Schmidt-Azumaya Theorem will be used without further mentioning. We will use decomposition series ofL * as kG-module, which we obtained using the GAP package MeatAxe [GAP12] 2 , as shown in table 8. From now on all modules will be k ū -modules. With the eigenvalues of D 20 (u) as above using Propositions 1.3 and 1.4 we getL −1 20 ∼ = 6I(kC 3 ) − . As all M 1 * are trivial k ū -modules by the Brauer table given above, using the eigenvalues of D 10a (u) and
Where (i, j) takes a value in {(a, b), (b, a)}. 
